Abstract-This paper discusses level sets of functions from a set U into a set C with an order structure, for example a poset or a lattice. Such sets are prevalent in fuzzy set theory. We provide some general facts and then consider the particular case when C is the complete lattice of closed intervals in the unit interval [0; 1]; that is, when the function is an interval-valued fuzzy set.
evel sets of ordinary type-1 fuzzy sets is a standard topic in the theory [2] , [4] . This paper is motivated by the consideration of level sets for type-2 fuzzy sets, and more particularly for interval-valued fuzzy sets. We will present some basic mathematical facts about level sets, using standard mathematical notation. The results will be illustrated with some examples, including examples involving level sets of interval-valued fuzzy sets. Some of the results appear to be new, and may be of some interest.
Throughout, U will be a set, the "universal" set, and C an ordered structure, such as a partially ordered set, a lattice, or a complete lattice. Our interest derives from functions f : U ! C and the interplay between f , the ordered structure of C, 
For C a partially ordered set and f : U ! C, equation (1) de nes a function (f ) : C ! 2 U . The image (f ) (c) of an element c is often abbreviated f c , and called a c-level set.
Some basic questions are the following. 1) Does (f ) determine f ? 2) How does one express f directly in terms of (f )?
3) How can one pick a subset S of C such that the distinct level sets are precisely the f c with c 2 S? 4) Under what conditions is a mapping C ! 2 U equal to (f ) for some f : U ! C?
Question 1 asks whether or not a function f : U ! C is determined by the function (f ) : [0; 1] ! 2 U . This is the same as asking if the function f is determined by the set of pairs (c; f c ). Or to put it another way, if f c = g c for all c 2 C, is f = g? This is not the same as asking if the function f is determined by its set of level sets f c , which in fact do not determine f . For example, if ' : C ! C is an automorphism of C, then 'f and f will have the same set of level sets, but may indeed be different functions. They have the same set of level sets since
or in other words, ('f ) c = f ' 1 (c) . This raises the following question: If f and g have the same set of level sets, does there exist an automorphism ' of C such that f = 'g? To return to question 1, in terms of the c-level sets f c , does knowing the level sets f c , and with each f c , knowing c as well, determine f ? That is, does the function (f ) determine f ? A basic fact about functions is this.
is precisely the set of elements of X that f maps onto y. Thus f 1 determines f . So to show that (f ) : C ! 2 U determines f , it is enough to show it determines f 1 , which in this case is also a map from C to 2 U .
Theorem 1: Let f : U ! C with C a partially ordered set. Then (f ) determines f .
Proof: The theorem follows from the equation
where 0 denotes set complement. This equation just says that the left side, which is fu : f (u) = cg is the intersection of fu : f (u) cg with the set fu : f (u) cg. These are given strictly in terms of c-level sets, so (f ) determines f .
One can express this theorem by saying that if f and g are maps from U into a partially ordered set, and f c = g c for all c, then f = g. Equivalently, this says that the mapping : M ap(U; C) ! M ap(C; 2 U ) is one-to-one. In general, the mapping is not onto. Question 4 above asks under what conditions a map g 2 M ap(C; 2 U ) is in the image of , and we will address that question in Section VI.
Example 2: We give a very simple example illustrating Theorem 1. Let C be the partially ordered set given by the following picture.
Let U = fu; v; w; x; y; zg and let f be given by
which means, f a = fs; u; w; x; y; zg, f b = fvg, f c = fw; x; y; zg, f d = fzg, and f e = fzg.Then
= fu; v; w; x; y; zg \ (fvg [ fw; x; yg [ fzg) 0 = fu; v; w; x; y; zg \ fug = fug f 1 (c) = f c \ (f e ) 0 = fw; x; y; zg \ fzg 0 = fw; x; y; zg \ fu; v; w; x; yg = fw; x; yg
The other f 1 are computed similarly. Note that f 1 (a) = fug means that the only element mapping onto c by f is u; f 1 (c) = fw; x; yg means that the elements mapping onto c by f are w; x; and y; and f 1 (d) = ? means that no element of U maps onto d.
Remark 3: Note that if C is an anti-chain, that is, C is a partially ordered set such that for c; d 2 C, c d if and only if c = d; then (f ) = f 1 .
III. EXPRESSING A FUNCTION DIRECTLY IN TERMS OF ITS LEVEL SETS
If C is a partially ordered set, one can express f directly in terms of its c-level sets. This fact is usually presented assuming that C is a complete lattice, such as [0; 1] with its usual order. If S is a subset of a partially ordered set C, S may have a sup (least upper bound) in C. That is, there may be an element c in C such that s c for every s 2 S, and for any other such element t 2 C, t s. Sups, if they exist, are unique and if it exists, the sup of a set S is denoted _S.
Theorem 4: Let f : U ! C with (C; ) a partially ordered set. Then for any u 2 U , the set fc 2 C : u 2 f c g has a sup, and
By its de nition, every element of fc 2 C : u 2 f c g is less or equal to f (u). Thus f (u) = W fc 2 C : u 2 f c g, and is expressed in terms of the level sets f c and the ordering on C.
In Example 2, we have, for example, for v 2 U , fs 2 C : v 2 f s g = fa; bg whose sup is b. Thus our formula says that f (v) = b, as it should be. The other values of f are computed similarly.
The example we have used is nite. The theorem is not so restricted. It holds for any partially ordered set C, any universal set U , and any function f : U ! C.
As mentioned above, this theorem is usually stated for complete lattices, and sometimes in the following alternate form. Let C be a complete lattice, and let 0 and 1 denote respectively the bottom and top of the lattice. Associate with a c-level set f c the function f c (x) = 0 if x = 2 f c and f c (x) = 1 if x 2 f c . Then
Notice that the lattice C need only be bounded and have nite meets and arbitrary joins.
IV. THE SET OF LEVEL SETS OF A FUNCTION
This section addresses question 3; the picking of a subset S of C such that the distinct level sets are precisely the f c with c 2 S. This is a considerably more dif cult question to answer satisfactorily than questions 1 and 2. Here is one way to do it, however. We will assume throughout this section that C is a complete lattice.
Proposition 5: Let f : U ! C and let S be a subset of C.
f (u) _S, and hence u 2 f _S . If u 2 f _S , then f (u) _S, so f (u) s for all s 2 S, and hence u 2 T s2S f s .
Corollary 6: The mapping (f ) : C ! 2 U : c ! f c is a complete homomorphism from the complete semi-lattice (C; _) to the complete semi-lattice (2 U ; \).
De nition 7: Let P be the partition of C induced by the function (f ). So two elements c and d of C are equivalent if they have the same image under (f ); that is, if f c = f d .
Theorem 8: Let P 2 P. Then the sup of P is in P .
Proof: From the previous proposition, T c2P f c = f _P and the left side is f c for any c 2 P . So f c = f _P , whence _P 2 P .
We obviously have the following.
Corollary 9: The sups of the sets P in the partition P give rise to precisely the distinct level sets f c .
Again, the lattice C need only have nite meets and arbitrary joins. So, we have a subset S of C such that the distinct level sets are precisely the f c with c 2 S, namely the sups of the members of the elements of the partition P. We now give a way to obtain these sups directly from the images of the function f .
We note the following.
Proposition 10: Let P 2 P and s = _P , and let D = f (U ), the set of images of f . Then
f s , and if u 2 f s then f (u) s, and hence f (u) d s , implying that u 2 f ds . Thus every such s is the inf (greatest lower bound) of the images of f that are above s. Note that some of these s's may not actually be an image of f .
Note the following immediate corollaries.
Corollary 11: For any c 2 C,
Corollary 12: Let E D, and e =^E. Then e = s for s the sup of some member of the partition P.
The upshot of this is that the infs of the subsets of D give rise to all the level sets of f . Of course different subsets of D may have the same inf. But if f (U ) is nite, in particular if U is nite, then given f , we have an effective way to calculate the set of elements c 2 C that give the distinct level sets arising from the function f . Just calculate the infs of all the subsets of D. The distinct infs give precisely the distinct level sets determined by f . We note the following.
Theorem 13: The infs of the subsets of D consists of the elements of the meet semi-lattice generated by D in the complete meet semi-lattice C. These elements are precisely the sups of the elements of the partition P.
Calculating the infs of all the subsets of D may be a challenge if D is large. We give an example illustrating the facts above, and then address the challenge of calculating these infs in the case f is an interval-valued fuzzy set with nite image. Suppose that S is a nite set of closed intervals of [0; 1]. We wish to compute the infs of all subsets of S. There are 2 jSj of these subsets. We provide an algorithm that in general considerable reduces the work to be done.
Let L be the set of distinct left endpoints of the elements in S and let R be the set of distinct right endpoints of the intervals in S. The algorithm is as follows:
1) Sort L and number its elements so that a 1 < a 2 < < a k . So k is the number of distinct left endpoints. S : a i a j g.
4)
The infs of all the subsets of S is the union of the sets So the set S has 4 elements, and there are 8 elements in the meet semi-lattice generated by the image of f . This seems easier to calculate than forming all 15 nonempty subsets of the image of f , calculating the meet of each of these subsets, and choosing from them the distinct ones.
One feature of the algorithm is that it provides no duplication. This is clear from the algorithm itself. The eight elements calculated above are the same as in Table ( 2), which also gives the level sets associated with these elements.
We provide a proof now that the algorithm works. So let S be a nite set of closed intervals of We note from this proof that the inf of any nite subset of S is the inf of two elements of that subset. This is perhaps worth highlighting. From these properties, we get another algorithm for computing the infs of all the subsets of a nite set S. Just compute the infs of all pairs of elements of S. There will be duplications, but the distinct infs of these pairs will be the inf of all subsets of S. Of course, for a nite set S, the s^s = s and s^t = t^s. So for a nite set of subintervals of [0; 1], one needs only to take meets s^t with s 6 = t and not duplicate effort by also calculating t^s. When such a procedure involves less effort than using our original algorithm is not clear.
VI. QUESTION 4 Question 4 asked under what conditions is a mapping C ! 2
U equal to (f ) for some f : U ! C. Given a map f : X ! Y , de nef : 2 X ! 2 Y to be the map f (V ) = ff (v) : v 2 V g for V 2 2 X . The following theorem gives the condition that a map g : C ! 2 U must satisfy in order to be (f ) for some map f : U ! C:
Theorem 17: Let C be a complete lattice. The mapping g : C ! 2 U is (f ) for some f : U ! C if and only if the diagram below commutes.
Commutativity of this diagram means that for each subset X of C, g (_X) = T fb g (X)g A detailed proof of this theorem is in [2] , Section 2.5.
VII. CONCLUSIONS
For f : U ! C, with C a partially ordered set, the map (f ) : C ! 2 U : c 7 ! f c = fu 2 U : f (u) cg determines f . Moreover, f (u) = _ fc 2 C : u 2 f c g. The set f c is commonly referred to as the c-level set of f . When C is a complete lattice, we showed that one way to nd a set S C for which ff c : c 2 Sg are the distinct c-level sets of f , is to nd the sups _P of the members of the partition of C induced by (f ). We also showed that this set can be computed as the in ma of the values f (u) _P .
For C the lattice of subintervals of [0; 1], and U nite, we provide an algorithm for nding the infs of all the subsets of f (U ). The set of these infs is S. These infs are also the infs of all pairs of elements of f (U ). 
